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XVII. On the Method of correfpondent Values, &c. By Edward 
Waring, M. D. F. R. S. and Lucafian Profeffor of the MH" 
thematics at Cambridge. 



Read May 28, 1789. 

I. 

I. TN the year 1762 I publiHied a method of finding when 
-■■ two roots of a given equation x" — px''~'^ + qx''~^ -^ rx^~^ ■\- 
&c.=io are equal, by finding the comnaon divifors of the two 
quantities a" —pa'—"^ + qa'—'^ — &c., and na''-^ — n- ipa"-^ + 
n-2qa"—i -&c., and obferved if they admitted only one fimple 
divifor {a — A), then two roots were only equal ; if a quadratic 
(^* — A<z + B), then two roots of the equation became twice 
equal; if a cubic {a' — Aa' + Ba-C), then two roots became 
thrice equal ; and lo on : or, to exprefs in more general terms 
what follows from the fame principles, if the common divifor 
be a — b'y.a-c'y.a-d'x &c., then r + 1 roots of the given 
equation will be 3, j+ i roots will be c, Z+i will be d^ &c. ; 
and it immediately follows, from the principles delivered in 
the fecond edition of the fame Book, published in 1770, that 
to find when r + i, -u + 1, / + 1, &c. roots are refpedively equal 
requires r + j + /, &c. equations of condition, which are dedu- 
cible from the well known method of finding the common 
divifors of two quantities in this cafe of a" —pa"-^ + y<i"~* - &c., 
nef-^ -n- xpa'—^-^-n - 2qa''-i - &c. of the terms of their 
remainders, &c. 

In 
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In the book above mentioned the equations of condition are 
given, which difcover when two roots are equal in the equations 
x' -px^ -^-qx -r = o, x' ■\-qx'^ — rx-\-s — o^ x^ ->rqx^ -rx' + sx ~t 
««=o, in the two latter equations the fecond term is wanting, 
which may eafily be exterminated; but it may as eafily be 
reftored by fubftltuting for ^, r, s, &c. in the equation of 
condition found the quantities refulting from the common 
transformation of equations to deftroy the fecond term, 

2. Another rule contained in the fame Book is the fubftitu- 



tion of the roots of the equation na"^ — n— ipa''~'^ + n— zqa'-^i 
— &c. = o refpe(5tively for a in the quantity a" —pa"-^ ■\-qa''~^ — 
&c., and multiplication of all the quantities refulting into each 
other ; their content will give the equation of condition, when 
two roots are equal. 

Mr. HuDDE firft difcovered, that if the fucceflive terms of 
the given equation are multiplied into an arithmetical feries, 
the refulting equation will contain one of any two equal roots, 
and m of the m+ 1 equal roots in the given equation. 

3. If 3, 4, 5, . . r roots of the equation are equal, find 
a common divifor of 3, 4, 5, . . r of the fubfequent quantities 
a' -par—* + qa"—* - &c., «^"~' - « — ipa"—^ + « - zqa^—i - &c., 
n, n-'ia'~^--n-'i . n - 2pa'~i + n - 2 . n — ^qa"—'^ — n ~ ^ . 
n - 4r^'~5 + &c., n .n— I . n- za""^ -n-i .n-z . n — ^pa"-* 



n 



+ n~2 . « — 3 . n-^qa"~s — Sec, . . . « . « — i 
n — r + 2a''—''+^ — n—i .n-z, . n-r+ipa'-^ + Scc; which 
will probably be beft done by dividing all the preceding 
quantities by the quantity of the leaft dimenfion of a, and the 
divifor and all the remainders by that quantity which has the 
leaft dimenfions amongft them ; and fo on : there will refulc 
*> 3» 4> ••''"- 1 equations of condition ; and in this cafe it is 

D d 2 obferved, 
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obl'crved, "ui the before-mentioned Book, that (if the cotnmou 
divifor be {a - A)) it will once only admit of 3, 4» 5? • • '' equal 
rooto ; if it be" a quadratic, then it will twice admit of thofe 
equal roots ; and io on. 

4, If the roots of the equation of the leaft dimenfions be 
fnbftituted for a in the remaining equations, and each of the 
refulting values of the fiune equation be multiplied into each 
other, there will refult the r~i equations of condition: and 
the lame may be deduced alfo from the feveral equations con- 
jointly. 

The equations of conditions found by the firft method, if 
the divifions were not properly inftituted, may admit of more 
rational divifors than neceflary, of which fome are the equations 
of conditions required. 



25, 

1, In the year 1776, I publifhed in the Meditationes Ana- 
lyticae a new method of differences for the refolution of the 
following problem. 

Given the fums of a fwiftly converging feries ax-i^bx^+C)^ 
■\-dx* ■{■ ScCf when the values of x are refpeftively «-, p, f, &c. j 
to find the fum of the feries when x is t, that is, given 
S7r=^'7r + ^9r^+:f7r' + ^7r* + &C, S^ = ^/f + ^p* + <:p' + &c., S<r = 
a<r + b(r' + fa-' + &c. &c. ; to find St = tfr + br'' + ct' + &c. 

To refolve this problem I multiplied the quantities, Ssr, Sp, 
Sr, &c. refpedively into unknown co-efficients «, /3,y, &c. 
and there refulted 



Mira 
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eiTra + a7r'^ + qsttV + &C. 

y 0-^ + ya'~b + ya- C -\- &C. 
&:c. &c. &c. 

and then made the fum of each of the terms refpedlvely equal 
to its correfpondent term of the quantity t<?+ t''^ + t'c4-&c.5 
and confequently a7r + /3p + yo- + &c. = r, a-n-^-i-Pp' +ycr^ + &iq. 
= T% a7r' + jS^' + yo-^ + &c. = r', &c. 1 afiumed as many equa- 
tions of this kind as there were given values tt, f, (t, &c. of ;v ; 
and confequently as many equations refulted as unknown 
quantities «, 0y y, &c. ; whence, by the common refolution of 
iimple equations, or more eafily from differences, can be found 
the unknown quantities a, P, y, &c., and thence the equation 
fought » X Stt + /3 X Sgi + y X Sfl- + &c. =: St nearly. 

J. In the Meditationes are affumed for tt, f, o-, &c. the 

quantities p, 2^, 3/, 4/, . . . « - 2/), » - ij>, and «/ for t ; 
which, if fubftituted for their values in the preceding equa- 
tions, will give a + ZjQ + 37 + 4J + &c. = », « + 4/3 + py + 1 65+ ' 
&C. = «*, a+8iG + 27y+&C.=«% «+ l6/9+ 8ly + &C. = «* ; 
and if the fums of the feries ax + ^x' + cx^-i'6cc. which re- 
ipeftivcly correfpond to the values j&, 2p, 3^, . , .n-ip of a? be 

Si, S2, S3, S4, . . . S«- I, an4the fum of the feries <7;f + Av*+l 
cat' + Scc. which Gorrefponds to n value of ;v be S»; then willi 

S« = «S« -!.-«.. ^^ S« - 2 + « . -I^ . -^I-S« — 3 . . . zSznSi 

nearly, which equation is given in the above-mentioned Book.. 
3. The logarithm from the number, the arc from the fine,. 
&G. are found by feriefes of the formula ax -{-bx^ -^-cx^ -^^Sicc, ;; 
and confequently this equation is applicable to them. 

6. 4<. im 
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4, In the fame Book is aflbmed a feries ax''-\-bx'"^'-\-cx'''^^'-\- 
dx'-^^'+&cc. of a more general formula than the preceding, 
and in it for x fubftituted «, jS, 7, §, &c., m\ and Sa, SjQ, Sy, 
S(5', &c ; Sot for the refulting fums, and thence deduced 

c, m'' Xtn—8' .m' —V .rr/ — S'.&cc. q , m' X m' — a . m' ~y ,m'~f .ice, 

uXc'-s' .<^'-y .c'-f.hc. 0''x$'-«.\0-y',^'-r.8cc. 

„„ , m'' xm'—a .m —0' .m' — S' .Sec. tn'' x m' -a.' .m' — $' .m' — J xScc, 
X Sj3 + — •xSy4- . — — C 

y'xy'-a' . y'-^'.y'-y .&C. ^X^'-a.' . i'-^' . ^ -y' . &C. 

X SJ+&C. nearly. 

Cor. If for r and s be aflumed refpeftively I, the feries be- 
comes ax + bx^' + cx^ + 8cc. of the fame formula as the pre- 
ceding: if r = o and i=i, the feries becomes a + l>x + ex" •]- 
&c. The latter cafe will be the fame as the former, when one 
of the quantities («) fubftituted for x and its correfpondent 
fum Sa, both become = o, and the equation deduced in both 
cafes the fame. 

5. If TT, p, (T, &c. refpedively denote r, r+py r + 2/, . . • 
r4-«-2/, r + n-ipy and r~r-\-np\ and S, 81,82,83,... 
S«— 2, S«— I, be the fums either refulting from the feries 
ax + bx'' + cx^ + &c. or the feries K-^ax-{-bx'^ •\- cx^ + &c., which 
refpedively correfpond to the values r^r+p^ r+2^, &c. of 
X ; and S« the fum of the fame feries which correfponds to the 

value r + np of x; then will S«=:«S«— i -n . "-—LSn'^ 4.« . 

"_Zi . lul S« - 3 - ... =s:« . —if 82=5= «Si^S nearly ; this 

equation differs from the preceding by the laft term S not va- 
nifliing ; in the preceding cafe S became = o, for it was the 
fum of the feries ax+bx'^ + cx^+Sicc.) which correfponded to 
^ = 0. 

6. From 
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6. From the Meditationes it appears, that r"" — «Xr=t:^ + 



» — I w — 2- 



n . r=fc2j> -n . . — -'"±3/ +&c. to the end of the 

2 23 

feries=»o, if m is lefs than «, and m and « are whole num- 
bers ; but if w^ = ;^, then it will ^ =2=1 . 2 . ^ . 4. . . . n- i . «/>'»; 
whence it is manifeft, that for the n firfl: terms of the feries 
A + ax + h"" + &CC. the equations are true; and for the n-i 
Urd terms of the feries ax + I'x'' + cx^ + &cc. and in the fucceffive 
term of both the feriefes they will err by a quantity nearly 
= — I . 2. ^ . . n X p" X r-" X co-efficient of the term ; and the 
errors of every fubfequent term (;t"'-+") will be nearly as 

=i=m . . • — - . . . ; X p" X r—" X co-efficient of 

234 h ^ 

the term x^+% if for r, r + p, r-t-2^, &c. be fubftituted i. 



y. Let the preceding equation Sn = nSn — i -n . — S« — 2 



■jL.n , 1 — I . 1_^ . S/z - 2 — &:c. — 71 X W. r -p-n . "- — i 
23 - =» ^ 2 

log. r - 2p -f- n . "-^ . "-^- log. r - 3/ -1- &c. = log. 



r x_r- 7/ >o^4^' x_r-bp' X &c. _ j^^^ j^^ where J, /, J% &c. de- 

r-p'—r-^p' X'--5p' X&c. 

note the co-efficients of the alternate terms of the binomial 

theorem, viz. s^^n , — , s =n . . . — -, &c., and 

2 234 

/ = «, t' -=-71 . ^^ . "—^•, &c. the co-efBcients of the remain- 
ing alternate terms; the numerator rxr—2pxr-^p x 



r-tp X &c. = (if N = 2»-0 rN _ P^r^-' + Qp'r^— - R/.VN-3 
. . . L/"-' X rN-"+=^=tM^"r*'-"''q=&c. ; and the denominator 
T^'xT^^' xr-- sf ^ &c. = rN - P/rN-^ + Q/.vn-^ - 
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R^V-J + . . • L/"-*»y^-"+'(=!=M+ I . 2 . 3 . . n- i) p"r^-'=f: 
&c., whence the numerator and denomuiator have the « firfl: 
ternos the fame, and the next fucceeding terms differ by 

I . 3 . 3 . . « - ip'r^-' ; the numerator divided by the denomi- 
nator = I rjb^' ^ ' '^ ' • "~'- p" nearly, if r be a great number in 

proportion to /, &c. it would be + when n is an odd number, 
and -when even. 

8. The logarithm of the fraftion K by the common feries 

— 2 TT ' 

■=:K-i -— ^ + -— ^ - &c. has for its firft term = =±= 

2 3 

1 . 2 . 3 . . n-i ^ ^„ jjg^j-iy . £qj. j{g fecond term the fquare of 



the firft divided by 2, &c. 

9. The error of this equation not only depends on the loga- 
rithm of K, which may be calculated to any degree of exa<St- 
iiefs, but in the calculus on the errors of the given loga- 
rithms. 

10. If r be increafed or diminifhed by any given number,- 
the n firft terms of the numerator and denominator will ftill 
refult the fame, and the next fucceeding terms will differ by 
i.2.3.4..«-ix/i''x r^-\ 

1 1. Let n . numbers be 2, « . . . — - num- 

2 234 

bers he4„ n."—,'^.*^,"-^ . "-^^ numbers be 6, &c.; 

their fum, the fum of the produces of every two, the con- 
tents of every three, four, five, Sec, to «-i of them will be 
equal to the fum, the fum of the produds of every two, of 

the contents of every three, four, five, &c. to «-i of the 
following numbers, viz. n numbers which are i , « . -^^ . ^-^ 

numbers 
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numbers which are ^, n . ^^ . ^^ . ^H? . tzA which are 
■ 2 3 4 S 

5, &c. ; and the fum of the contents of every n of the former 
will be lefs than the fum of the contents of every n latter 
numbers byi.2,3.4..«-i. 

12. The method given in Art. 4. which I name a method of 
correfpondent values, eaiily deduces and demonftrates the pre- 
ceding equations, which cannot, without much difficulty, be 
done by the preceding method of differences ; the method of 
correfpondent values is much preferable to the method of dif- 
ferences, both for the facility of its deduction, and the gene- 
rality of its refolution : for inftance, from this method very 
eafily can be deduced, &c. the fubfequent and other fimilar 
equations. 

Ex. I. s«=«s^^:T-«.^— Js^^iiT+w.m'.^zf S^^..„ 

fci=«Siq=S nearly. 



Ex. 2. s.7T^= ^+^ • "+^-1 :11^+ ^^ • • • "'+^ X s^:r7_; 

1.3. .«-! 

X A X —I- X S« - 2 + — X B X — ^ S« - 2 i X G X 1 

1 OT + 2 2 »2 + 3 3 

^i? X S« - 4 + ^— ^ X D X — -''■ X S«- c - &:c. nearly, where the 

letters A, B, C, D, &c. denote the preceding co-efficients, and 
the converging feries is the fame as in the preceding example. 

Ex. 3. Let the converging feries be of the formula ax + bx^ 
cx^ '^dx' + &c. ; then will S« = 2«-' 2 S« — i ~ 2^ - 1 xi 

. ~ bn-'z + zn- 1 X X b« - 2 — 2« - i . , 

a as*' 2 

^JLll ^ ^.^li-Sn - 4 + &c. nearly, of which the general term is 

24 

2«— 2 ZH~7 2«-/+I 2»-2/ cr 1 

in— I . — ' . • — ; X — r— ^ -^W -* /. 

2 3 /"I / 

Vol. LXXIX. E e Et 
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Ex. 4 Let the feries be of the formula A +^A:* + ^Ar* + (r«' + 

&c. ; then vvili bn ~ x 2« — 2 S« — i -x-zn— i . 

n n % 

„_'% a«— 2 2'? — 60 « — 4 

» 2 3 n 

^ZlL- . _Zzi X -^H- S« -4 + &C. nearly, of which the general 
234 ^ ^ 

• n—l 9.« — 2 2» — 3 2« — /+I 2« — 2/ r> -, 

term is — x 2« - i . . . . . —, x — ; — x S« — /. 

n 3 3 ^-i i 

Ex. 5.. Let the given feries be of the formula ax + i>x'' + cx^ 
+ &C., and in it for x be fubftituted p, "p, zp^ - 2/>, ^p, - ^/5, 
. . . , np, —np and mp^ and for the fums of the refulting fe- 
riefes be wrote refpedtively Ss S-^ S*, S-% S', S~3, , , . S", 
S~", and S//2 ; then will Sw = 



«.«'■—! , n'— 4.. n^~() . K*— l6 . . . « — «— l"x2n=I . 2 . 3 . 4 . . 2» 

xS-»+Ax^i±-"S+''-^xBx-^^S-''+'-Cx^-^' X 



S«-' + '— - x D X ^-^^-i X S-"+^+^±^^xES''--i2I:^ X 

2 ffJ + K-2 »2-«-2 3 

F X 5z4^S-''+3-Gx'^-ixS''-3+&c. nearly, where 

« + «— 3 W2— « — 3 

the letters A, B, G, D, &c. refpe<flively denote the preceding 
CO- efficients. In general, the co-efficients of the terms S~"+' 

and S'-' will be refpeaively M-^"~^+'x L x """"^ti and 



m + n — s 



u 



X 



M 4- « — J 



_.^4i;J-, where the letters L arid M refpe«Stively denote theip 

m— n— s 

rmar- 



preceding co-efficients ; the co-efficients are to be taken affi 

tively, or negatively, according as s is an even or odd number. 

Ex. 6. If for X in the preceding feries be fubftituted/, -/, 

¥» ~ ¥> 3/> - 3py •.•«-!/, - » - lA «/ refpedively, then 



Bm 
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1 .2 .3.4.5. . rTz.-'V) ■' '^ ■" ^ ^ 



m + n—1 I »,_,iJI7 »?4..,— J 

2 ffi— n — 2 

&c. denote as before the preceding co-efficients. The coeffici- 
ents of the terms S~""+' and S"""' will be refpedively L x 

• and X M X —----= , L and M denoting the pre^ 

m+n-s s m-ii—s 

ceding co-efficients, which are to be taken negatively or affir- 
matively, as s is an even or an odd number. In this feries when 
x = o, the correfpondent fum = o. 

Ex. 7. Let th^ given feries be of the formula a + l'x + cx^ + 
dx^ -\- &c. ; and in it for x be fubftituted o, p, — p, zp, — 2/, 3^*, 

— ^p . . . np, —pp and mp, and for the fums of the refulting fe- 
riefes be wrote as before S", S', S~', S*, 8"% . . . S", S"~°, and 

"; then will bw = _.__-^=Z=.— =2= — — ___, 

n . «*— 1 . ?(" — 4 . //— 9 . . . («* — «— 1") X 2n 

X S-" + A X ^^ X 8+" - ^ X B X -^:i^ S-"+' - &c. this feries 

m—n I OT+n— I 

obferves the fame law as the feries given in Ex. 5. and only 
differs from it by the laft term So not vanishing, that is, 
being = o. 

Ex. 8 Let the feries be of the preceding formula a-\-bx + 
cx^ •{■ dx^ + &CC., and in it for x be fubftituted o; p, —p\ 2py 

— 2/ ; Spi - SP i . ' . n- ip, -n- ipy np, and mp, and the 
fums refulting be So, Si, S"', S% S-% . . S^ 8-'+', S" and S" ; 

1 •110 ffj . OT*— I . ffj^ — A . . w/ — (w— I ;^n„ . m — n 

then will SiW= — — ^ ___!.. — -'-S"- A x x 

I . 2 . 3 . 4 . . . 2n — 1 M + /;— 1 

S— '+' — &c. the fame feries as in Ex. 6, and differs from it only 
by the laft term So not vaniftiing. 

E e 2 Ex. 
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Ex. 9. Let the ferles be of the fame forrauktf + 6x-\^cx^ + dx^ + 
&c. and hi it for .V be fubftituted ^, -p, 3/*, -3^, 5/, ~ 5/> 7/f 
— 'jp,....np,- np and w/ ; and the fums refulting be S', S""', S?, 
S-3, S5, S-5, 8% S-7, . . . . S% S-", and S"; then will S«3 

J»" — I . /yz^— 9 . w'^— 25 . /8* — 49 . . . . m^ — n—z xm + n 



a'- I .r?~C) . «*— 25 . «''— 49. . . . n^—n—'i X2«=:2''XI.2.3.4.5..« 
»»+« I m — n-\-2 m + n—2 

S-'+^ + IHix D x^t^:=^xS-4- E x^r:il±is-"+4-lrfp 

2 /n — « + 4 m+n — 4 3 

|x^±^S'-«+^:i^xGxS-+' + "-:^xHx^±^^ X! 

7» — « + o m + n—0 4 »i — « + b ' 

S«-8_&c. nearly, where the letters A, B, C, D, E, &c. 
denote the preceding co-efficients of the terms S", S— ", S"~*, 
S-«+% S—S S-^+4, S"-«, &c. refpeaively. The co-efficients 

of the terms S^"-" and 8-"+" will be M = "~''^^ xLx, 
^H^LZ^ill and N = M X fzZ±l^; where L, M, and N denote 

m — n + 2s m + n — 2s 

the co-efficients of the terms immediately preceding each other, 
that is, of the terms 8-"+"-% 8"-", and 8-"+". The fign 
of the firft co-efficient M will be + or - , according as s is 
even or odd ; the fecond term N will have a contrary fign to 
the firft. 

Thefe feries may be made to begin from any term, which 
may be eafily found by the method of correfpondent values, 
and the fubfequent terms from it by the given law ; its pre- 
ceding terms may be deduced from the fame law reverfed, that 
is, by putting the numerators of the fradions multiplied into 
it for the denominators, and the denominators for the nume- 
rators, 

2 From 
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From thefe different feriefes may be formed, by adding two or 
more terms of the given feries together for a term of the re- 
quired feries-; which method has been applied to converging 
feries in general in the Meditationes. 

13. The method of correfpondent values eafily affords a refo-,- 
lution of the problems contained in Mr. Brigg's or Sir Isaac 
Newton's method of differences. 

Ex. I. Let the quantity be of the formula a -\- bx ■{■ cx^ + dx' 

+ &C. . . x'^y, and « + i correfpondent values of x andjy be 

given, viz. p, q, r, s. Sec. of x ; Sp, Sj-, Sr, Ss, &c. of jj/ ; then 

Will V ==-=:— = ^^.^.c X Sp+rr -J. - -. ■ ■ " X Sq + 

p — q.p — r.p — s.iiC. q—p.q — r.q — s.iiC. ^ 

^^l El-EL-^"' X Sr + SiiS--El--^ X S. + &c. 

r — p . r — q . r — s , &c. ^—p • ■* — ? • ^' — ' • ^c. 

The truth of this problem very eafily appears by writing 
Pf qt ff s. Sec. for X in the given feries. 

All the preceding examples may be applied to this cafe, by 
writing x for m in the given feries ; hence the refolutions of 
feveral cafes of equi-diflant ordinates by eafy and not inelegant 
feriefes, amongft which are included the two cafes commonly 
given on this fubje£t. 

14. if a quantity be required, which proceeds according to 
the dimenflons of x, reduce the above given value of y into a 
quantity proceeding according to the dimenfions of x, and 

there refultsjt/ = ( i^ r — — L=^ ■ — {. '^1 

^p — q p — r,p — s.&.c.zzA q—p.q—r,q—s.&cc.~B 

^ ,,,,,_^,^ 3!i___ _ + .^_.=:= Ji^ + &c.) X ,x"- 

r~p . r ~ . >■ - s . &c. — C i —p . J — q . s — r . &c. r:D 
\ A "^ ■ B "^' C 

S^ 
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-, __^ _ + -^— - _ + OCCJ 

^•^'i A '*'~B "^ C"^ D 

&C.) .^-3 + &C. 

The law and continuation of this ferles is evident to any 
one verfant in thefe matters from infpeftion. 

Thefe fraclions may be reduced to a common denominator by 
fubftituting for S/> and A the products S^ x P and A x P, where 
P —q^r . q-s . r -s . &c. ; for S^ and B the produ£ls S5' x Q 
and B x Q, where Q=p-r . p-s . r -s . &c. ; for Sr and C 
the produds Sr x R and C x R, where R =p -q . p — s . q — s . 
&c. •, for S; and D the products Sj x S' and C x S^, where S' = 
p -q , p -r . q -r . &CC. &CC. 

The fradious, in particular cafes, will often be reducible to 
lower terms. 

15. Let j>'=:flA;* + <5;e*+' + cx''+*'+&c.» and the correfpon- 
dent values of x and jv be given as before, then will y = 

x' X x'-q X A ' -,'xx — sX.&iC. ^ gx , " y>' — p'xx-/xx'-s'xlkc. ^ g 
p^ Xf>'-(/' X p'-r'xp'—i X&ic. q" xq—p' xq —,' -q —sxhic. 

xh_X >-'~yy-^'-'i'><='_^'^^'^- .^ ^^,x^Xx'-p'xx -qX x-r'xScc . 

r'' xr —p' xr' — q'-.'-i'x &c. s'' X i — p' x s — q x s -r' + iic, 

Sj + &c. 

This feries may in the fame manner as the preceding be 
reduced to terms, proceeding according to the dimenfions of 
X ; and the feriefes given in the examples may (mutatis mutan- 
dis) be predicated of it. 

16. A more general method of correfpondent values is given 



in the Meditationes, as alfo the fubfequentjy = 



p~q -p — r .p — s . &c. 
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&c. as in Ex. I . = S^ + (x ~f) (^ xSp + -^xSq) + (x -f) 
(--?)(j^,><,-i^S/ + -i^x^4-xS^ + -i-x-i-x Sr) ^ 

(x-p)(x^q)(x-r)(^^. ~ ' -^ ' xS/+-^. — ~ 

\ r/\ y/\ J\p^q p — r p — s ' q—p q—r q — s 

X Sq+— . _L . -i- X Sr+-^ L . _L X S^- &c. 

2 r—p r — q r—s s—p s—q s — r 

The equality of thefe two different quantities will eafily 
appear by finding the co-efficients of both, which are multi-r 
plied into the fame given value of y as S^, S^, Sr, &c. and the 
fame power of x ; for with very little difficulty they will in 
general be found equal. 

It is evident from this refolution that,_ giving the ordinates 
and their refpe£live diftances from each other, the value of 
any other ordinate at a given diftance from the preceding, 
found by this method, will refult the fame, whatever may be 
the point affumed from which the abfcifs is made to begin. 



1. Let a feries be Ax + Bx"" + Cx^ + Dx* + Scc. of fuch a for- 
mula that if in it for * be fubftituted a + 6, there relults a leries 
Axa+d + Bx a + i?'' + Cxa+V + 1) X a + b + &c. = (Aa + 
Ba' + Ca' + Da + &c.) x {i+q^ + r/>' + .si>'+ td'+ &c.) + 
(i^qa+ra' + sa' + ia* + Sec.) x{.\6+Bc>^ + C6' + I)i'+ &c.) 
then will the feries Ax+Bx\ + Cx' + Dx-^ + &lc. = Ax + 

2« V- j_ 2 . 3C ^, , 24ABC^8B3 36C^'V^ + 24ACB^-i6B* , 



J . 2 ^1.2.3 ^ 1 . 2 . 3 • 4A.^ 1 • 2 . 3 . 4 • 5A 

9. 24A^BC'-4X24AB-C « 2i6C^a3 4. 43 2A"B^C^-384ACB-> + 64B^ _^^ 



I .2. 3.4.5. 6A* "^^ + 1 .2. 3 .4.5 "6. '/A' 



+ &C.; 



ISO 
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-\-8cc.; and the feries i+qx + rx'' +sx] + tx*+kc= i-^ - x + 

6CA-aB'' , , 18CAB-8B' 3 . 36C^A^-8B* ^ , 
1 . 2A'- 1.2. 3A3 ' 1.2.3. 4-^ 

iSoC'A^B - I20ACB3+ ,6B^ 5 , 2i6C3A^ + 2i6A'C'B'-288ACB''+64B^ « 

rrr. 3 . 4 . 5^5 "" + ^t .T7^T?75T6A^- ■ ^ 

+ &C. 

The terms of thefe two feriefes can eafily be deduced by the 
fubfequent method. Let Kr-'' + L"-' + Ma:% be fucceffive 
terms of the feries Ax + Ba:^ + Ca'' + &c,, andKV-"+LV-^ 
fuccefiive terms of the feries i ■^ qx •{■ rx" •{■ sx^ + ix* + &c. ; then 

.,, .. 2A^xBxK' + 6CAK-2B"K jyi »xAxM-Bx^L 

Will M = === ; and L = ra • 

« . « - 1 X A* ^ 

Cor. I . Let B = o, and the two feriefes Ax + Bx^ + Cx^ + Da?" + 
&c. and i + qx + rx'' + &c. become refpedively Ax + -^ Cx^ + 

2.3.4.5 A ^2.3.4-S-6.7 A^ 2 .3.4-5-0-7-8.9 

X £^9 + &c., and I +^-^ X ^»' +7-4^'—; X rl«*+ 

A3 ' r.2 A 1.2.3.4A 



X -y + &C. 



1.2.3.4.5.6 A3 

If in thefe feriefes for A be fubftituted i, and for C be fub- 

ilituted — , there will refult the feriefes x - -^ +; 

2.3 2.3 



i-S 



- &c., and I - -^ 4- - Sec. which give the 

2.3.4-5 1-2 1.2.3-4 

fine and cofine in terms of the arc x. 

Cor. 2. Let C = o, and the above-mentioned feries A,^ + Ba;* -J-i 

2 2^6' 2* 

&c. becomes A^ -4 B^' # x -7t,x* — - X 

1.2 1.2.3.4 A^ 1.2.3.4.5 

A' ' I . 2 . 3 . 4 . 5 . 6 . 7 A5 I . 2 .3.4. . . 8 A" 

^1 X^^x'' ^ — X ~x" + &c. The law of 

I . 2 . 3 . 4 . . 10 A^ I . 2 . 3 . . 1 1 A^ 

this 
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tliis ferles is, firft, that every third term vaniHies ; and, fe- 
condly, the figns of every two fuccefllve terms change alter- 
nately from + to - and — to -f ; and, laftly, the co-efficienC 



2'-^ ^n-X 



of the- term x" is — — X ; and the feries \-\-qx-\- rx" 

4- &c. becomes i +-^- —,x^^ -,x -^ -— x* 

A I . aA* 1 . 2 . 3A^ 1.2.3. 4^* 

^ 1 . 2 . 3 . 4 . 5A5 I . 2 . 3 . 4 . 5 . 6A» Vi . 2 . 3 . . 7A7 

&c. In this feries the ligns of three fucceffive terms alter- 
nately change from + to - and - to 4- ; and the co'efficient 

r *u . ,• s'xB" ^^ 2"~'xB'' J. 

or the term x" is ■■ ; or ■■ accorduig as n is 

i.2.3.«A 1.2.3.. »A." 

divifible by 3 or not. 

2. Let a feries i + PA? + Q>v' + R^' + Sx*+TAr5 + &c. be of 

fuch a formula, that If in it for x be fubftituted a-\-b, there 

refults aferiesi+Px^+J^4-Qx^ + /^' + Rx^T7'' + SxaT^* 

+&c. = (i-{-P« + Q£*+R^' + S«*+&c.) x(i4-P3+Q3^+R^' 

+S^^+&c.)+(A^+B^'+C^'+D^^+&c.) X (A^+B^^+G^* 

-f D^'-f &c.), then will the feries hx-\-^x^^Qx^-\-T>x'^ 

^..^ Av..^Bv-4.r^-.^.g^Av>^+P^).^ , aB3-2PAB-4-AV 
'V3A 3^ 6 y ~ 6A^ 

— Z_ — jAr*4-&c., and the feries i -f Pa; -|-QA;*-f.RAj'-|-&c. ::2 i + 



Yx 4. — -— a; -j — -— at' 4.2: —^.^x" _|_ &c. Let 

■4 24 

Kx"— ^4-La;'-'^-Ma:* befucceflive terms of the feries AA^-f-B^;^ f^ 
Ca;'4-&c., and KV-^^-LV^'-^-MV fuccefllve terms of the 
feries i+P.v4-Q.v'-}-Rx'4-&c.; then will AxL+PxL''=:» 

X M' and B x K+Q x K' *= » . ^ x M' exprefs the law of the 

leriefes. 

Vol. LXXIX. F f Cor. 



jSz Dr. W A'kWG of2 the 

Cor. LetB^o, then the kv'ies Ax^Bx''-{-Cx^~^Dx'=:Ayi 

(xA X A, — ■ — X -\ ^ — - — x^ A- &c.), 

V ' 2.3 '1.2.3.4.5 ^1.2.3.4.5.6.7 ' i* 

and the ferlcs i-l-P'^+Q'^'+^'^'+^c.^: i +PAr-| — ^ — x" \ 

i«2,3 1.2,3.4 ' I,2,3,.,5 'l.2-3,.0 

n 

4-&C. ; the co-efficient of the term x' will be (P'4-A')^or P 

X (P" + A^) » , according as n is even or odd. 

If in the equations before given for x be fubftituted a — h 
inftead of a-{-b, then in the other quantities for b fubftitute 
-b. 

3. If in Cafe 2. the difference between the two quantities 
(1 + P^-f Q«^ + &c.) X (i + P^ + Q/^^-{-&c.) and (A^z+Ba'-f C«* 

+ &c.) X ( A^ + W + Qb' + &c.) is affumed-. i + P x '^b + Q,x 
« + ^' + &c., then in the feriefes before given for A, B, C, &c. 
write refpedively \/ - 1 A, v/ - iB, v/ - iC, &c., and there 
will refult the correfpondlng feriefes. 

The fame principles may be applied to*many otKer cafes. 

4. Equations of thefe formulae may be ufeful, when the 
fums of the feriefes correfpondent to a value {a) of x are 
given, and the fums of the feries correfpondent to a value 
{a + ^) of A? is required, b having a fmall ratio to a : for inftance, 

let the given feries be x - — — ( \- &c. ; the 

& 2.3 2.3.4.5 2. 3..7 ' 

equation found in the firft cafe \%a-\-b — - + ~ — ■ 

^ 2-3 2.3.4.5 

he — (a H &c.) x(i + ^^- &c.) 

^ 2.3 2.3.4.5 J ^^ , 1.2 1.2.3.4 •' 

bat 
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ut^ &c , and i &c. arc 

2.3 2.3.4.5 \ .1 2.3.4 

the fine [i) and cofine (<:) of an arc <z of a circle whofe radius 

is I ; and, conuqucMtly, if the fine $ and cofine c of an arc a 

be given, the fine of an arc (<3 + i^) = j x (i — — ^ &c.) +' 

cib — - — I — &c.\ which feries, if ^ be very fmall 

\\\ proportion to a, converges much fader than the common 
feries for finding the fine from the arc : it has been given from 
ditKrent principles in the Meditationes, and is alfo eafily dedu- 
cible from the ferics for finding the fine and cofine from the 
arc by the propoluions ufually given in plane- trigonometry : 

the cofine of the fame arc (<? + ^) =: <r X T i 1 &c.") 

. 1.22.3.4. 

\-Sx(P-- + ;; &C.), 

^ 1.2.3 I-2--5 ^ 

Ex. 2. Let the feries be i? + ^ + "-i— + — — 4- Sec. =' 

2.3 2.3.4.5 

(a+-^ + '- +&c.x(i+ -^ + + &c.)+J 

^ 2.3 2.3.4.5' ^^^^1.2 1.2.3.4' >'' 

(H-£- + f! + &c.)x(^+— ^ + +&C.); 

^ 1.2 1.2.3.4^ / ^^1.2.3*2.3.4.5 -" 

huta-\ — ' + &cc.)=x. and 1+ -^ -\ — - + &c. =] 

1.2.3 "^ '1.21.2.3.4 



\/i+x\ if a be the hyperbolic log. of at + s/i+x^ ; therefore 

\/i+x"x {b + -— + &c- 
2.3 



P . i4 



Let b-\ 1 '■ + &c. = y, and (x + v/i -k-x"' x 

2.3 2 • 3 • 4 . S -^ 



rs 



(y + v/i+y') = V, then will */ + /^ + -^---4-— ^^ h&c. = 

_21 ^ J' J . ■> 2. 3-1-2 .3.4.5 

X V - L 

Ff 2 5. Let 
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5. Let a quantity P be a fundion of x, or the fluent of a 
funftioa of xy(x, and the value X of it when X'^ahe known, 
and the value of il when x~a-{-if be required. Find a feries 
of which the firft term is X, and which proceeds according tO' 
the dimenfions of ^, if /5 be a very fmall quantity, and in 
general at leaft fo fmall that the feries {romx = a to x = a-f'S' 
neither becomes infinite or o. 

In the fame manner, if an algebraical or fluxional equation 
or equations, expreffing the relations between x,y, z, -y, &c. 
be given, find the correfpondent values of jy, 2, "y, &c. to xzza, 
which let be Y, Z, V, &c.; then find feriefes for y, ss, v, &c, 
of which the firft terms let be Y, Z, V, &c. refpeflively, and 
which proceed according to the dimenfions of 3, but fubje£t to 
the fame conditions as in the preceding cafe. 

From fluxional equations may be deduced feries which exprefs 
the value of _y, &c. in terms of x, and always diverge, or 
always converge, whatever may be its value, as appears frona 
the Meditationes. 




